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Abstract
We show that a recently given nonautonomous nonlinear Schrodinger
equation (NLSE) can be transformed into the autonomous NLSE.
0
1 Introduction
In [1] we have shown that integrable variable coefficient KdV type of equa-
tions, qt = f(x, t) q3 +H(x, t, q, q1) are transformable into autonomous inte-
grable KdV type of equations, qt = q3+F (q, q1). It seems that this assertion
is valid in general. In a recent paper [2] an integrable nonautonomous NLSE
is introduced
iQt +
D(t)
2
Qxx + σR(t) |Q|2Q− [2α(t) x + Ω
2(t)
2
x2 ]Q = 0 (1)
where the functions R(t), D(t), and Ω(t) representing the nonlinear, disper-
sion and the harmonic potential terms respectively are restricted to satisfy
the following condition.
−Ω2(t)D(t) = d
2
dt2
lnD(t) +R(t)
d2
dt2
1
R(t)
− d
dt
lnD(t)
d
dt
lnR(t) (2)
They give a Lax pair of this equation where integrability implies both (1)
and (2). The spectral parameter is a time dependent function and hence
solitons obtained through the inverse scattering method have time dependent
amplitudes and speeds. We shall first show that (1) is transformable to the
standard NLSE and produce the soliton solutions given in [2] directly from
the soliton solution of the NLSE.
Let Q = Λ q(X, T ) where
T = G(t), X = F (x, t), Λ = Λ(x, t) (3)
Then Eq.(1) reduces to the standard NLSE
iqT + qXX + σ |q|2 q = 0, (4)
where the following conditions must be satisfied.
1
iΛt +
D(t)
2
Λxx − 2α(t)xΛ− Ω
2(t)
2
x2Λ = 0, (5)
iΛFt +
D(t)
2
[2ΛxFx + ΛFxx] = 0, (6)
D(t)
2
F 2
x
Gt
= 1,
R|Λ|2
Gt
= 1 (7)
One can find a solution of the above equations. One solution is given as
follows
Λ = r(t)eiθ, θ = − rt
D(t)r
x2 + α1 x+ α2, (8)
r2 = 2r4
0
R(t)
D(t)
, (9)
where α1 and α2 are functions of t, r0 is an arbitrary real constant and r is
subjected to satisfy the equation
d
dt
(
1
r(t)D(t)
dr
dt
)
− D(t)
2
(
2
r(t)D(t)
dr
dt
)2
− Ω
2(t)
2
= 0 (10)
When r(t) given in (9) is used in (10) we obtain exactly the condition in (2).
Furthermore we obtain F = r
2
r2
0
x+ F1 and
α1 = −2R(t)
D(t)
∫
α(t)D(t)
R(t)
dt, (11)
α2 = −1
2
∫
D(t)α1
2dt, (12)
F1 = −r20
∫
α1(t)R(t)dt, (13)
G(t) = 2r4
0
∫
R2(t)
D(t)
dt (14)
One soliton solution of the NLSE (4) was given by Zakharov and Shabat
[3] which depends on the sign σ. For σ = 1 we have
2
q(X, T ) = a exp
[
i
{ c
2
(X − cT ) + nT
}]
sech
{
a(X − cT )/
√
2
}
(15)
where 4n = c2 + 2a2. For σ = −1 we have
q(X, T ) =
1√
2
[c− 2iκ tanhκ(X − cT )]e−imt (16)
where c2 = 2m−4κ2. Inserting the transformations (3) in the above Zakharov-
Shabat solutions we obtain the solutions obtained by Serkin et al [2].
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